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SELF-OSCILLATIONS OF A WHEEL ON SELF-ORIENTATIN9 STRUT
OF AN UNDERCARRIAGE WITH NONLINEAR DAMPER

L.G. LOBAS

Under the assumptions of the drift hypothesis the perturbation methods are used to
determine the amplitude and frequency of free oscillations of a wheel on a self-
orientating strut subjected to flexural deformations. The strut is fitted with a
square damper generating a turbulent resistance and coupled in parallel with an
elastic element. When such a system reaches a certain velocity, it becomes potenti-
ally self-oscillating. A limiting c¢ycle is found and an example of computing the
amplitude and frequency of the self-oscillations is given.

The oscillations of the system are described by two, uniformly moving oscillators, the
rotation of the wheel providing a gyroscopic coupling between them as well as a directed coup-
ling determined by the reaction of the runway on the foot of the undercarriage

BB 4 BB + ky® — Tor g = —cg0° sign 0" (1)
CY -y 4 by + Tor18 = —a,i6

Here 6 and ¢ are the angles of yaw and roll, B and ¢ are the moments of inertia of the under-
carriage relative to the axis of strut and roll respectively, r and h, are the linear viscous
friction coefficients, k and k are rigidities, I and r denote the axial moment of inertia and
the wheel radius respectively, v is velocity of motion, a; is the drift resistance coefficient,

¢; is the damper resistance coefficient and ! is the distance between the runway surface and
the axis of roll.

The gyroscopic and directed coupling form, in the system in question, a cycle which may
lead to instability of the rectilinear motion and self-induced oscillation of the foot of the
undercarriage (shimmy). The engine represents the external energy source responsible for the
directed coupling. The eigenvalues of the matrix of the linear part of the system (1) have
negative real parts when . )

U< Ly = (/B /) “(hk + k) ey

When !>1,, a value v, of the velocity of motion exists such that when v < vy, then the linear
system remains asymptotically stable. The real parts of two eigenvalues are positive of ve
(vo, »') .  Moreover, the value of v, decreases and that of v’ increases with increasing !.Thus
the asymptotic stability of a linear system is replaced, during the passage through v, by
instability. Since the condition !< !, cannot be realized in practice, an additional square
damper must be used /2/, and to determine its resistance coefficient and the magnitude of ad-
missible clearance, the amplitudes and frequencies of the resulting self-oscillations must al-
so be found. Below we solve the latter problem in the first approximation, using the asymp~
totic method of expanding the derivatives /3/. Putting =8, 2, =0, z;=1, 1, =y, wWe write the
system (I) in the form

X = Ax — dz,%sign z, (2)
0 { 0 ¢] T, 0
—Ey —¢ 0 Dy Zq k
;] 3] : d
A=l 9 0 0 ] =]l 4=]o
—H —Dpy — E‘h —y EA 0

&g = h/B, Eg = kB, D = IB-r, ky = C,/B
6y = my/C, Ey=ki(C, Dy=1C"1, Hy=allC

Let us set v=yp + e+ O(?. To find the amplitude and frequency of the self-oscillations, we
shall seek a solution to the equation (2) for v>v,, in the form

x=tGo+ &G +..., G=Ccol{qi ..., 90} G=Ccol (g1 qu ...
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Here e=(v—u) /v + O (), ¢ >0 when v>v and ¢« = 0 when »=u, Let us Set ¢ = ( and introauce tire
slow time variables ¢ == ¢lr, i=1,2,.... Then uidt= /8ty + €931, -+ €%9/31, -~ ... and we have the follow-
ing expressions for determining g, :

Lq, 0, Jqy ~ — 6quidt, - v, 4,Qg —- dgag® N1 Gun . FI
L=0afoty— A5, Ay~ Alumre
Here A, is a matrix the only nonzerc element of which is (4,), = —D,. The eigenvalues cf <‘hs

matr%x Ay are p., = +iQ. Repy; < 0, and the right eigenvector corresponding to the e«igenvaiue
W, is collinear with the vector

wm ol {10, [egldy = (1 — K] D e300, (Eg = Qg% - irgtlg) Doy~ 1}
Qp = (2gE g+ £, Eq - DHwo) (Fg+ 207!
where Q, is the frequency of the lirear system. From the first equation of (3) we have
qo — 2aRe [uexp (i)}
G Qoly - Go. @ = a (8, Ly, . ) g = Go (), 1y, . )
Let us write the last term of the second equation of (3) in terms of a complex Fourier series

EN

dg 2 sign g >, ae, exp (img) 14

m.=—-

bt
a'e ‘-l—’—\q 2 ign g,y exp (- img)d
™ IR 9.y exp ¢)aq
0

From (3) it follows that gq, is given by the equation

- iy
3qi0to — Aoty - © (u. 1, &) exp [ iQoly + G -+ D (U, — L, e exp [—i (Ut + Q)] —a? D) ¢, expiimg)
mAEL
Dy, o) =y (—da dt — 1a0¢'011) - vad,y ~ “2U1
Let U == ({',,.... ;) be the first eigenvector of the matrix 4, corresponding to the eigenvalue
2, i.e.

U (A, - &E) =0 (3)

We introduce the scalar :=Uq,. and hence obtain UA4.q, = 4%’. The expression for :, and hence

for q,, will not contain secular terms if

—aa diy -adg. Ay a o P —at (v ) =0 (i
BB oz 'UAu, iy = attle, o s Ua
Therefore

a -P{Rexp(--fiy)+ v ¢ Qyty 4= \‘,Ya/")’_ﬁl) fo 0 (75
& vyt Kexp (P b y] R Qo (ta a0 K xR {8 0500
and hence
) = Loaiosy - O (N 00 o= 2eafdesing O (¢7)
§ - 2l teyTlafeg cosq b (BT - Qdsingl 4- O (%)
g 2 Dwtla (B - QeYeosy — £gQsingl + O (£7)

The periodic solution is established in the system after a certain time has elapsed. To
obtain such a solution, we nust assume the time to be sufficiently long, and to separate, from
amongst the limiting cycles, the stable cycles. 1In accordance with the procedure of the asym-
ptotic multiscale method, the period of time after which the self-oscillatory region is eostab-
lished, corresponds to 1 -»-+o, i.e. the conditions of existence of a limiting cvcle  are
determined by the behavior of the function a{(y) at infinity.

For a linear system d =0, therefore c, 0.y =0, vy, = 0. This implies that a = PR exp (Bry).
When v< v, the linear system is asymptotically stable, consequently B <0 when vy, Since
the linear system is unstable when »>wv, , we have f>0 when o> v
For the nonlinear system of (7) we obtain, for the case y >0, B <0 lim, _ o7 B >0 hw, .«
By, Let us consider the nonlinear system for the case y< U. The behavior of the functiorn

a () at B<0 is shown in Fig's.l and 2. If the initial value of the amplitude is smaller than
the amplitude of the limiting cycle, then the motion is stable since lim,_, ¢ =0 when a gan
B(K + y'< B/y(Fig.1l). Otherwise the motion is unstable since lim,_,, a= too when af _,>p v
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(Fig.2). (Here 4, = —fn (—y/ K). The results depicted in Fig.3 imply that the motion is un-
stable when $>0. Thus if y< 0, then we have an unstable limiting cycle when f<0 (v < v,
while the motion is unstable when $>0.
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The limiting cycle in question forms the boundaries of the region of attraction of the null
solution. In the case of 3> 0 the motion is stable when B <0, and a stable limiting cycle
exists when f> 0. We have for this cycle

8 = Bcos (R, + §) + O (e2), 8 = 2 (v — vy)vy"1By!
Q= Q¢ — (v~ v)v;7 (By/y — B)), & = const
From (4)— (6) we obtain

¢, = 16: 30)71Q¢%d, U = {Uy, U, Uy, U}
U, = gyt DD 4 Ey— Qo+ i (vgQ — eeEw/ Q4+ s\bQo)] D-1p,~2
Up=ley +iQy — Ey / Q)ID7'wy !, Uy = iEy /Ry, Uy=1

a = {0y + ia,,) / (DygQe?)

Qg = — 3Q* + (Eg + Ey + gty -+ DDwy?) Q2 + EgEy oy = 2Q¢%(eg + )
¥ = 16 (3r) 7k Q0% [ (£ — Qo?) + aniey Q)

v = 16 (3n) 7 £, Q0% [otne Qo -+ gy (Q? — EQl B =19 (Gtoyby 4014 55)
Br = v1QePr0713 (G01b2 + auly)y S = (g 4oy M)

by = £y (Eq — Q?) + g4 (Ey, — ?)

by = Qg (egey —~ DDywg?) — QHQ? — Eg) (Qg? — Ey)

For the particular numerical values of B = 9.81 kg m2, C = 165 kg m2, h=237 m.s , h =98 m.s ,
ky = 12200 m, Kk = 421000 m, [ = 11.8 kg m2, r==044 m, =08 m, a4 = 42670 n, we have vy, = 17,96 m.s’1
and 2, = 53.8 s”l. The dependence of the shimmy amplitude 8 on v—y, is linear within the given
approximation. In the present case the proporticnality coefficient for the values of k; = 1.0,
3.0, 50 and 10.0 equals, respectively, to 2.10-%, 4.97.10-%, 3.23.10-3, 1.29-10~®* rad.s/m. The shimmy
amplitude decreases with increasing value of k; of the square damper. The shimmy period T =
2n/Q is independent of the magnitude of k;; for the present case we have T'= w; (v— v, T o
wo = 8.12.107 s”* and e, = 5.17-10* cm~1. The frequency Q of the nonlinear system is smaller than
the frequency @, of the linear system. The shimmy amplitude can be controlled so as to keep

it within the safe limits, by choosing the corresponding coefficient of resistance of the
square damper.
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